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Abstract 

The aim of this paper is to study analogs of noncommutative Donaldson- 
Thomas invariants corresponding to the refined topological vertex for 
small crepant resolutions of toric Calabi-Yau 3-folds. We give three defi- 
nitions of the invariants which are equivalent to each others and provide 
"wall-crossing" formulas for the invariants. In particular, we get normal- 
ized generating functions which are unchanged under "wall-crossing" . 

Introduction 

Donaldson-Thomas theory ( |Tho00] ) is intersection theory on the moduli spaces 
of ideal sheaves on a smooth variety, which is conjecturally equivalent to Gromov- 
Witten theory ([MNOP06J. For a Calabi-Yau 3-fold, the virtual dimension of 
the moduli space is zero and hence Donaldson-Thomas invariants are said to 
be counting invariants of ideal sheaves. It is known that they coincide with the 
weighted Euler characteristics of the moduli spaces weighted by the Behrend's 
functions (:Beh ). Recently, study of Donaldson-Thomas invariants of Calabi- 
Yau 3-folds using categorical methods has been being developed by D. Joyce, 
Y. Toda, Kontsevich-Soibelman,,, ( | Joy08[ [Joy07l iTbdbl ITodal iKSl [JS] etc.). 

On the other hand, a smooth variety Y sometimes has a noncommutative 
associative algebra A such that the derived category of coherent sheaves on 
Y is equivalent to the derived category of A-modules. Derived McKay cor- 
respondence ( KV00, BKROl]) and Van den Bergh's noncommutative crepant 
resolutions ( [VdBj ) are typical examples. In such cases, B. Szendroi proposed 
to study counting invariants of ^4-modules (noncommutative Donalds on- Thomas 
invariants) and relations with the original Donaldson-Thomas invariants on Y 
( [Sze08] ). In [NNl|Naga| , we provided wall -crossing formulas which relate gener- 
ating functions of Donaldson-Thomas and noncommutative Donaldson- Thomas 
invariants for small crepant resolutions of toric Calabi-Yau 3-folds. (We say a 
resolution of a 3-fold is small if the dimension of any fiber is less than or equal 
to 1.) 

The aim of this paper is to propose new invariants generalizing noncommu- 
tative Donaldson-Thomas invariants and to provide "wall-crossing formulas" for 
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small crepant resolutions of toric Calabi-Yau 3-folds. We have two directions of 
generalizations : 

• "open" version^ : corresponding to counting invariants of sheaves on Y 
with non-compact supports. 

• refined version : corresponding to refined topological vertex ( |IK V| ) . 

Let Y — > X be a projective small crepant resolution of an affine toric Calabi- 
Yau 3-fold. Then X is one of the following: 

• X = X L+>L - := {xy = z L+ w L ~} C C 4 for L+ > and L~~ > 0, or 

• X — X (z/ 2%)2 := C 3 /(Z/2Z) 2 where (Z/2Z) 2 acts on C 3 with weights 
(1,0), (0,1) and (1,1). 

In this paper, we study the first case. We put L := L + + L~ . Note that Xi t % is 
called the conifold and Xl,q is isomorphic to C x C 2 /(Z/LZ). 

Given a pair of Young diagrams v — (v + ,v-) and an L-tuple of Young 
diagrams 

X= (AW a ) A^')), 

the generating function of refined open noncommutative Donalds on- Thomas in- 
variants (roncDT, in short) 

Z 1M) = z xA<i+,q-,<ii---,<iL-i) 

is defined by counting the number of the following data: 

• an (L — l)-tuple of Young diagrams v = (v^, . . . , i/^ i_1 ^), and 

• an L-tuple of 3-dimensional Young diagrams A = (A^ 1 / 2 ), . . . , A^ -1 / 2 )) 
such that AW isoftype (aW.i/O'+V^^Cj-i/s)) r (\W M j ~ 1/2) , v {j+1/2) ) 
(see H5.1l for the details). 

Such data parametrize torus fixed ideal sheaves on the small crepant resolution 
Y . In particular, 

coincides with the generating function of Donaldson-Thomas invariants of Y . 

Let A be a noncommutative crepant resolution of X and Zh denote the set 
of half integers and 6: Zh — > Zh be a bijection such that 8(h + L) = 9(h) + L. 
In this paper, we will define generating functions 2^?^(<f), which are denoted 

by -Z CT ,A,i/,e (?) in the body of this paper (see $3A)i . such that 

• Z^ 1 - ((f) I i/2 coincides with the generating function Z^- of 

' l 9+=9-=9o 6 6 0,0,NCDT 

noncommutative Donaldson-Thomas invariants for the noncommutative 
crepant resolution A, 

• " lim " Zf pg (q) =Z\ (q) (Theorem [51|. 

lr The word "open" stems from such terminologies as "open topological string theory". 
According to [ AK M'V . open topological string partition function is given by summing up the 
generating functions of these invariants over Young diagrams. 
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Moreover, for i £ I := Z/LZ we can define the new bijection Hi{9): Zh — > Zj, 
(see gHHD and 

• -2?- ,^(<l)/Z? ~J<l) is given explicitly (Theorem 1131 and 14. 1 IT) . 

In |NN[ |Naga| , we realized Z^-^tf)^ _^ as generating functions of virtual 

counting of certain moduli spaces and these moduli spaces are constructed using 
geometric invariant theory. In this story, 9 determines a chamber in the space of 
stability parameters and 9 and Hi{6) correspond to chambers adjacent to each 
other by a single wall. This is the reason we call Theorem l4.5l and l4.11l as "wall- 
crossing" formulas even though our definition of the invariants and the proof of 
the formula are given in combinatorial ways. In fact, in the subsequent paper 
Nagb| we provide an alternative geometric definition, in which 9 determines a 



chamber in the space of Bridgeland's stability conditions. 
As a corollary of the "wall-crossing" formula, we get 

• £4 Iz^-, = ZX/zX-, (Corollary EU), and 

• (W lz$-\ =(zX/zYS] (Corollary EH 
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for any 9, A and v. According to the result in [NNL |Naga| , these formulas 
should be interpreted as unchanging of the normalized generating functions 
under "wall-crossing" . We can find such unchanging of normalized generating 
functions in other contexts such as flop invariance and DT-PT correspondence. 
Categorical interpretations of such normalized generating functions and their 
unchanging are waited. 

Now, we summarize the prior study: 

• Szendroi's formula on the generating function of noncommutative Donaldson- 
Thomas invariants of the conifold was shown by B. Young in a purely 
combinatorial way QYou09j). The main tool is an operation called dimer 
shuffling. 

• In [You], they generalized Szendroi- Young formula for Xl,o and Y( Z / 2 z) 2 - 
The method is a little bit different from the one used in You09] : they 
use vertex operator method. 



• In |NN| . we gave an interpretation of Szendroi- Young formula as a conse- 
quence of the wall-crossing formula. From our point of view, the argument 
in |You09l is obtained by translating the argument in NN into combina- 
torial languages by localization. In particular, dimer shuffling is nothing 
but "mutation" in the categorical language. 

• In |Naga| , we generalized the results in |NN] for arbitrary small crepant 
resolutions of toric Calabi-Yau 3-folds. 

• See gM ICJ091 IAOVYI [CP] for developments in physics. 

• In [JS] , they study noncommutative Donaldson-Thomas invariants of small 
crepant resolutions of toric Calabi-Yau 3-folds as examples of their brilliant 
theory of generalized Donaldson-Thomas invariants. 
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• In [DGj . T. Dimofte and S. Gukov provided a refined version of Szendroi- 
Young formula for the conifold. 

In this paper, we define the rcncDT using a dimer model ([2]), which is purely 
combinatorial. 

In fJ21 we give an interpretation of the dimer model as a crystal melting 
model, that is, giving a dimer configuration is equivalent to giving a finite 
dimensional torus invariant quotient module of M ai \^,g. Hence the roncDT 
coincides with the Euler characteristics of moduli spaces of finite dimensional 
quotient modules of M„ : \^^ (see |Nag b ). From geometric point of view, the 
crystal melting model is more natural. But in this paper we adapt the definition 
using the dimer model since it is more convenient when we prove some technical 
lemma, which we also use in Nagb| . 



In §31 w e introduce a notion of dimer shuffling to prove the "wall-crossing" 
formula (Theorem 14.51 and 14. lip , which is the first main result of this paper. 
Finally we study the limit behavior of the dimer model in SJSJ The second main 
result is that the generating function given by the refined topological vertex for 
Y appears as the limit (Theorem I5.6[) . 

While preparing the papers, the author was informed from J. Bryan that he 
and his collaborators C. Cadman and B. Young provided an explicit formula 
of -^fffidiq -q -^ L ' anc ^ ^(z/2Z) 2 using vertex operator methods ( |BCYb[ 
IBCYaj ). In the subsequent paper |Nagb| , we provide an explicit formula of 
Zf for Xl l_ using vertex operator methods. 

A physicist may refer NY , in which we explain the result of this paper in a 
physical context. 
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Notation 
0.0.1 Indices 

Let Zh denote the set of half integers and L be a positive integer. We set 
/ := Z/LZ and 1^ := Zh/LZ. The two natural projections Z — ► I and Zh — » Ih 
are denoted by the same symbol tt. We sometimes identify / and ih with 
{0, . . . , L — 1} and {1/2,..., L— 1/2} respectively. 

The symbols n, h, i and j are used for elements in Z, Zh, / and Ih respec- 
tively. 

For n G Z and G Zh, we define c(n), c(h) £ Z, i(n) 6 I and j(h) G ih by 
n = c(n) • L + i(n), h = c{h) ■ L + j(h). 

0.0.2 Young diagram 

A Young diagram v is a map v: Z — > Z such that v(n) = |n| if \n\ 3> and 
v(n) — v(n — 1) = ±1 for any n 6 Z. The map Zh — » {±1} given by j i— > 
v{j + 1/2) — u{j — 1/2) is also denoted by v. 

By an abuse of notation, we sometimes identify + and — with 1 and — 1. 
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A Young diagram can be represented by a non-increasing sequence of positive 
integers. We fix the notation as in Figure [TJ 

A 




--- + -- + + + + 
Figure 1: v= (1,1), V= (2). 



0.0.3 Formal variables 

Let <?+, q- and qo, . . . , qL-i be formal variables. We use q+, g_ and qi, . . . , qL-i 
for generating functions of refined invariants. Substituting q + = g_ = (qo) 1 ^ 2 , 
we get generating functions of non-refined invariants. 

Let P :— 7L ■ I be the lattice with the basis {at \ i G /}. For an element 
a = X>* • oii G P {a 1 G Z), we put g Q := TKft)"*- 

For a, a' G P, we say a < a' or q a < q a if a 1 — a G P + := Z>o • /. 

1 Preliminary 

1.1 Affine root system 
l.l.l 

For h, ti G Z h , we define a^'j G P by a^y] = 1, 

h'-l/2 

a [h.h'\ '■= 

n=h+l/2 

for h < h' and a^^'] = — ar?,/ w for ft, > ti ' . We set 

A := {a [htW] EP\h^ ti}, 
A rc <+ := {a [hM G A | h< ti, h=tti (modi)}. 

An element in A (resp. A rc ' + ) is called a root (resp. positive real root) of the 
affine root system of type Al—\. 

■ otL—i G P is called the minimal imaginary root. We 
{ay, ^ G A I 1/2 < j < j 1 < L - 1/2} 

{ayj/j + A<5 | ay, ^ G A fin <+, AT > 0}. (1.1) 



1.1.2 

The element 8 := ao + • • 
set 

A fin,+ . = 

and 

A r , e '+ := 
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Example 1.1. In the case L = A, we have 

A n ' + := {ai, Q!2, Qf3) "2 + 03, Oil + Ct2,Cti + Ct2 + a^}- 

1.1.3 

For a positive root a G A, we take /i and /i' such that a — cx^h'] an d set 
j-(a) :=7r(/i), and j+(a) :=ir(h'). 

We also put 

iT :={(M')e fa)* I 



1.1.4 

Let 9 denote the set of bijections 9: Zh — > Zh such that 

• 0(/i + L) = 0(/i) + L for any h € Z h , and 

£-1/2 L-l/2 

• E = E 

ft=l/2 ff=l/2 

Example 1.2. /n i/ie case L = 4. i/ie correspondence 

1 1 3 3 5 5 7 9 
— i ► — , — i > — , — i— * — , — i— > — 

2 2' 2 2' 2 2' 2 2 

gives an elements in 0. Let /Uo(id) denote this map {see §1.2.11 for the notation). 
1.1.5 

For 6 8 and iel,we define a(0,i) := a[fl( n -i/2),0(n+i/2)] (« G 
Example 1.3. 

a(id, 0) = a , a(^i (id), 0) = -a , 

a(id, 1) = ai, a(ju (id), 1) = ao + ai, 

a(id, 2) = a 2 , a(/z (id), 2) = a 2 , 

a(id,3)=a 3 , a(/i (id), 3) = a a + a 3 , 

1.1.6 

A positive real root a = ar/^/] said to take a positive (resp. negative) value 
with respect to 6, which is denoted by 6(a) > (resp. < 0), if O^Qi) > 6» _1 (ft,') 
(resp. B-^h) < e-^h 1 )). We set 

A™' + := {«£ A IO '+|0(a) >o}. (1.2) 

Example 1.4. 

Mo (id) 



AE + =0, A£+ ={a }. 



Remark 1.5. As we mentioned in the introduction, we studied moduli spaces 
of representations of a noncommutative crepant resolution of X^+ j^- in 'Nagal. 
In this theory, the space of stability conditions canonically identified with P* ®K 
and the walls are classified as follows: 
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• the walls W a := (M • a) 1 - CP*®I (a G A rc >+), 

• the wall Ws := (M • <5)\ which separates the Donaldson-Thomas and 
Pandharipande- Thomas chambers. 

The maps 9 : Zh — > Zh as above parametrize the chambers on one side of the 
wall Ws- The notation 9(a) ^ respects this parametrization. 

1.2 "Wall-crossing" 
1.2.1 

For i G /, let in -.TL^^TL^ be the map given by 



tn(h) = < 



h-1, n(h-l/2) = i, 
h + 1, ir(h + 1/2) = i, 
h, otherwise. 



For 9 G 0, we put m{9) :~ 9 o 

Remark 1.6. TTie chambers corresponding to 9 and Hi{0) are separated by 
the wall W a tQ t i), which is the reason for the title of this subsection. From the 
viewpoints of the affine root system, noncommutative crepant resolutions and 
dimer models, "wall-crossing" corresponds to "simple reflection", "mutation" 
and "dimer shuffling" respectively. 



1.2.2 

Let i = (ii, «2j • ■ •) G I z>0 be a sequence of elements in /. For b G Z>o, we define 

9i,b ■= (• • • (Hh (id)) ■ • • ) G 6, a iib := a(0 iib , %)■ 

We say i G I z>0 is a minimal expression if 9- h b(&i,b) < for any b G Z >0 . For a 
minimal expression i, we have 

A ^,'b + = {"i.ii- •• > a i,6-i}- 

1.3 Core and quotient of a Young diagram 
1.3.1 

Let a: Ih — ► {±} and A: Zh — > {±} be maps such that A(/i) = ±er o 7r(/i) for 
±/i > 0. 

We define integers c\ [j] and Young diagrams AM for j G I h by 

X(h) = X^(a(j(h)) ■ (c(h) c x \j(h)] + 1/2)). 

Remark 1.7. In the case a = + and X) c a[j] = 0, the sequence (c\[j}) of 
integers and the sequence (A^) of Young diagrams are called the L-core and 
the L-quoticnt of the Young diagram A. 
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1.3.2 

We put 



Kf ■■= {(^ h ') e I -X(h)a(h) = \{h')a{h') = ±}. (1.3) 
Lemma 1.8. 

\KS\ = «° + <*[?'-(«)] - c A [?+(a)]. 
Proof. We write simply j± for j± (a) . Note that we have 

B" = {(cL + j_,(c + a°)L + j + ) |cez}. 

For an integer AT, we set 

5^ := { (cL + i- , (c + a°)L + j+) | c e [-N, N-l]}. 

Take a sufficiently large integer N, then we have 

and so 



I r? a >+ 1 I r q >~ I 

= ti) G | A(/i)a(/i) = +} + fc') G B£ | X(h')a(h') = +} 

= -«{c G [-JV, AT - 1] | A^-](a(i_) • (c- c A [?_] + 1/2)) = a(j_)} 

+ H{c G [—A 7 ', AT - 1] | Ab"+1 (<7(j+) • (c + a - c x \j+] + 1/2)) = 
= —(AT - c x \j-] - 1/2) + (N + a°- c x \j+] - 1/2) 
= a° + c x -c x [j+}. 



□ 



For a, A, and i, we put 

KXe { n e ^(i) I - l/2),(9(n+ 1/2)) G i^'*}. (1.4) 

2 Dimer model 

2.1 Dimer configurations 
2.1.1 

We fix the following data: 

• a map a: 7h — ► 

• a map A: Zh — > {±} such that X(h) = ±a o 7r(/i) for ±/i » 0, 

• a pair of Young diagrams v = (v + , v_ ) , 

• a bijection 0: Zh — > Zh in 0. 

We put a :— a on o 9, A := A o 6> and L± := |<7 _1 (±)|. 
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2.1.2 

We consider the following graph in the [x, y)-plane. 
First, we set 

H((T, 9) :={n G Z | a(n — 1/2) = <j{n + 1/2)}, I H (a, 9) := n(H(<r, 9)), (2.1) 

S(a, 6) :={n £Z\a(n- 1/2) ^ er(n + 1/2)}, J s (o-,0) := 7r(£(o-,0)) (2-2) 

and for n 6 H(a,9) we put <r(n) := cr(n ± 1/2). 
The set of the vertices is given by 

V := { (n, m) | n G 5(cr, 0), n — to: odd} 

U {(n - 1/2, to) I 7i e H(a,6), n-m: odd} 
LI {(n + 1/2, to) I n G H(cr,6), n-m: odd}, 

which are denoted by v(n, m), v\(n — 1/2, to) and u r (n + 1/2, to) respectively. 
The set of the edges is given by 

£ := {eh(n, m) | n € i?(<7, 0), n — m; odd} U {e s (/i, A;) \ h,k € Zh}, 

where 

• eh(n., to) connects i>i(n — 1/2, to) and u r (n + 1/2, to), 

• e s (h,k) connects u(/i-l/2, fc+1/2) or u r (/i, fc+1/2) and ufTi+1/2, fc-1/2) 
or i>i(ft., fc — 1/2) if /i — fc is even, and 

• e s (fe,fc) connects uf>-l/2, fc-1/2) or v r (7i, fc-1/2) and uf7i+l/2, ft+1/2) 
or vi(h, k + 1/2) if h — k is odd. 

We put 

T := {(n, to) G Z 2 | n + m : even}, ^ := {(n, m) G J- \ n G 7r _1 («)} (2.3) 

for i G J. Note that £ divides the plain into disjoint hexagons and quadrilaterals, 
where the hexagons are parametrized by the set 

:= {(n,m) G T \ n G H{a,9)} 

and the quadrilaterals are parametrized by the set 

Is := {(n,m) G J 7 | n G S(<r,0)}- 

For (n, m) G J 7 , let f(n,m) denote the corresponding hexagon or quadrilateral. 

Example 2.1. In Figure^ we show the graph associated with a given by 

a(l/2) = +. ct(3/2) = -. ff (5/2) = - 

and 9 = id. 

2.1.3 

We set 

V± := {u(n, to) I cr(n + 1/2) = ±} 

U {vi(n - 1/2, to) I cr(ra) = T} LI {u r (n + 1/2, to) | a(n) = ±}. 

Note that V = V+ U V_ and each element in £ connects an element in V+ and 
an element in V_ (see Figure [5] for example). 

A perfect matching is a subset of £ giving a bijection between V+ and V_. 
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Figure 2: The graph and V+. 

2.1.4 

We define the map F a ^e : Z — > Z by (0) = and 

Fa,x,ein) = F aXe (n - 1) - A(n - 1/2). 

For k € Zh, we set 



(2.4) 



•.A,e 



|eh(n., F a ,\fi{n) +2k) n e Z, a(n) = q=| 
u{e s (ft, (F CTjA)() (ft - 1/2) + F CT)A , e (ft + l/2))/2 + 2fc) | ft G Z h , er(ft) - ±}. 

For a Young diagram 77, let A e denote the following perfect matching: 



' <r,A,e - — 



' (7,A,e ■ 

feeZh 



Example 2.2. In Figure [3J we sftoio t/ie perfect matching associated with a as 
is Examvle \2.1[ 9 = id, 77 = and A given &y 

f+, ft =-5/2, 

A(ft) = I -, ft = 1/2, 

I sgn(ft)cr(ft), otherwise. 



2.1.5 



Let \ q be the following perfect matching: 



V^ x g := {eh(n, m) | <x(n) = T } U { e s(ft, ft) | cr(ft) = ±, ft ■ A(ft) — ft : even}. 
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Figure 3: {/(n,F« r , A ,id(n)) I « £ Z} and A id 



2.1.6 



Definition 2.3. A perfect matching D is said to be a dimer configuration of 
type (cr, A, v, 9) if D coincides with "P V J\ s in the area {±x > ni} and \ e in 
the area {±y > m} for m 3> 0. 

2.1.7 

For / G T, let df C £ denote the set of edges surrounding the face /. By 
moving around the face / clockwisely, we can determine an orientation for each 
element in df. Let d^f C df denote the subset of edges starting from elements 
in V±. 

For an edge e G £, let / ± (e) denote the unique face such that e G d ± f ± (e). 

2.2 Weights 
2.2.1 

For h G Zh, we define the monomials w a ^\{h) by the following conditions: 
and 

w a> \{h)lw a> \[h - L) = q X (h) ■ q\(h-L) • 9i <7l-i, 

where 

<9± : = (<7±) 2 -91 Q± := ?± • 91 Qj-i/2- 
Note that for h ^ h' we have 

wx(ti)/w x (h) = q ^n. (2.5) 

S+=S-=Wo) 1/2 

Example 2.4. In figure^ we s/iow </ie weight w ai \ for a and A as m Example 
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Figure 4: the weight w aj \ 



2.2.2 

For an edge e 6 £, we associate the weight tM CT ,A,e( e ) by 



w a ,\,e{e s (h, k)) 



w a . x {9{h)Y^-^ h \ h ■ \(h) - k : odd, 
II, h ■ X(h) — k : even, 

w\. a ,e(e h {n,m)) := 1. (2.6) 



2.2.3 

Fix a and A, then the set 



is finite. We set 



aGA rc » + 



K,x-= II vC'l/vW. (2-7) 

F°, x := I] (2-8) 

QGA rc ' + ; 0(a)<O, 



2.2.4 



Note that for a dimer configuration D of type (a, A, ^, 9) we have only a finite 
number of e G D such that uv,A,e(e) ^ 1. 

Definition 2.5. For a dimer configuration D of type (a, X,v,6), we define the 
weight w <Tj x > $(D) by 

Wa,x.e(D) := F 6 a X ■ \[ w a , x ,e{ e )- ( 2 -9) 
(See (|2.6[) and (|2.8p /or £/ie notations.) 
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2.2.5 

For a finite subset £' C E , we put 

and for a face / £ J- we put 

w*,\Af) ■= ™*,\,e( d ~f)/ w <r,\,e(d + f)- (2-10) 
For an integer n we set 

«V,A,fl(n) := ™<r,A(0(n + l/2))/w a , x (8(n - 1/2)), 

then we have 

Wa : \,6(f(n, to)) = tu<7,A,e(n) 
for any (n, to) 6 J 7 . By (|2.5[) . we have 

Wo-igfn)! / m/2 = 9° ■ 

3 Viewpoint from noncommutative crepant res- 
olution 

3.1 Noncommutative crepant resolution 

Let r be a lattice in the (x, y)-plane generated by (L,0) and (0,2). The graph 
given in £12 . 1 . 21 is invariant under the action of T and so gives a graph on the 
torus M 2 /r. This gives a quiver with a potential A = (Q a ,e, w^e) as in |Naga| . 
The vertices of Qa,e are parametrized by / and the arrows are given by 

(u*/Wi_ivH li A 

\ je/h / \ jei h / \ieJ H (o-,e) / 

(see (12.11) for the notation). Here frt (resp. /ij) is an edge from j — 1/2 to 
j + 1/2 (resp. from j + 1/2 to j — 1/2) and is an edge from i to itself. See 
|Naga[ §1.2] for the definition of the potential w a ,e- 

Example 3.1. In Figure [31 we show the quiver Qa-M for a as in Examvle \2. l A 




' "* ' 2 

Figure 5: the quiver w a ^ 
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Remark 3.2. • The center of A is isomoriphic to R := C[x, y, z, w]/(xy = 
z L +w L ~). In \Naga\ Theorem 1.1 4 and 1.19], we showed that A is a 
noncommutative crepant resolution of X = Speci?. 

• The affine 3-fold X is toric. In fact, 

T = SpecH := SpecC[x ± ,y ± ,z ± ,w ± ]/(xy = z L +w L ~) 

is a 3- dimensional torus. The torus T acts on A by R —> 



3.2 Dimer model and noncommutative crepant resolution 
3.2.1 

We will construct an A-module M(D) for a dimer configuration D. Let Vj = 
Vi(D) (i G /) be vector space with the following basis: 

{b[D;x,y,z} | (x,y) € z£ Z> } 

(see (|2.3D for the notation). We define the map hj : Vj T i/2 Vj±i/2 by 



hf(b[D;x,y,z]) = 
and ri : Vi — > V% by 

n(b[D;x,y,z}) = 



b[D;x±l,y-a(j),z] e s (x ± 1/2, y - a(j)/2) <£ D, 
b[D;x±l,y-a(j),z + l] e s (x ± 1/2, y - a(j)/2) e D, 



b[D;x,y + d(j),z] e h (x,y + a(j)/2) £ D, 
b[D; x,y + a(j), z + 1] e h (x, y + a(j)/2) 6 D. 



3.2.2 

Let C C £ be a subset which gives a closed zigzag curve without self-intersection. 
By moving along the zigzag curve clockwisely, we can determine an orientation 
for each element in C. Let C c C denote the subset of edges starting from 
elements in V±. 

Let D be a dimer configuration of type (er, A, l>, 6). A subset C as above is 
said to be a positive cycle (resp. negative cycle) with respect to D if C(~\D = C + 
(resp. C~). 



3.2.3 

Given a dimer configuration D and a positive cycle C with respect to D, let Dc 
be the dimer configuration given by 

D c = (D\C + )UC-. 

Then we can check the following lemma: 

Lemma 3.3. The surjection M(D) — > M(Dc) given by 

!0 (x,y) eC°, z = 

b[D c ;x,y,z-l] (x,y) eC°, z>l 
b[D c ;x,y,z] (x,y)£C° 
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is a homomorphism of A-modules, where C° is the interior of the closed zigzag 
curve. Moreover we have 

w*,\,e(Dc) = w^xfiiD) ■ Y[ w<y,\fi{f)- 

/ec° 

3.3 Crystal melting interpretation 

In this subsection, we show that a dimer configuration of type (a, A, v, 9) cor- 
responds to a (torus invariant) quotient A-module of the A-module M max = 
M£^ v q. In physicists' terminology, studying such quotient modules is called 
the crystal melting model (see |OY| ) and M max is called the grand state of the 
model. 

3.3.1 

We define a Young diagram G at \ t $ : Z — > Z by the following conditions: 

• Ga,\,e{n) — \n\ if \n\ ^> 0, and 

• G ff ,A,e(«) = Ga,X,e(n - 1) + a(n - l/2)A(n - 1/2) for any n. 
We define a map G CTj A,e : J 7 — * Z by 

Gcr,\,e(n, m) := G(n) a ,x,e + 2 • |m - F^ A ,e(n)|, (3.1) 
where F a ^\.g(ri) is given in (|2.4D . 
Example 3.4. In </ie case as Example \2.4\ we have 

(G CT)A ,id(n)) neZ = (..., 6, 5, 4, 3, 4, 3, 2, 1, 2, 3, 4, 5,6,.. .) 
and Ga- t \M( n T m ) is given in Figure [7] 



A 




Figure 7: G (T ,A,id(«, m) 
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3.3.2 

We define two maps F^ x g : Z — > Z by the following conditions: 

• F a,\A n ) = F °,>-A n ) if ±n > 0) and 

• F a,\A n ) = F *,\A n ~ *) T _ X /2) for any n. 
Then we define two maps G^A^e : -T 7 — + Z by 

^f A 'J(n, m) := i/± (m - F± A /n)) ± n. (3.2) 

Example 3.5. In Figure [21 we s/iow G 't: d a^c? ^ctAW for a and A as in 
Example [Ol 



A 




Figure 8: Gj+ fl and 
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3.3.3 

We define a map G v a A g : T — > Z by 

G a,\A n , m ) : = max(G CT , A , e (n, m),G^J(n, m), G^'g (n, m)) . 

We can verify that 

G^ A , e (/ + (e)) = G£ (Aj9 (/-(e)) + 1 or G^CT (e)) - 3. 

for an edge e G £ (see H2.1.7I for the notations) . We define a perfect matching 
£> max = by 

e G £) max ^ G^(/+(e)) = G^ e (r(e))-3. 

Let M max = A/™f x e := M^™^) denote the corresponding A-module. 

Example 3.6. In Figure [PJ we s/iow G® A id and -D m ^ x g . d for °~ an d A as in 
Example \2."A 

Remark 3.7. The graph of the map m t— » G^ Ae (n,m) determines a Young 
diagram. This is what we denote by V m i n (n) in [Nagb| §3.1]. 

3.3.4 

Lemma 3.8. There is no positive cycle with respect to £) max . 

Proof. Assume that we have a positive cycle C. For an edge e G dC, let /i n (e) 
(resp. /out(e)) be the unique face such that e G <9/; n (e) and /i n (e) G C° (resp. 
e G 9/ out (e) and / out (e) ^ C°). Then we have 

<^, A , e (/in(e)) > ^,A,fl(/out(e)). (3.3) 

Take a face (n, m) G C°. If G v a A g (n, m) = G^' A s (n, m), then 

(n ± n', F± x e (n ± n') - F± A » + m) G C° 

for any n' > by (|3.2[) and (|3.3[) , and this is a contradiction. On the other hands, 
if G^ A e (n, m) — G ai \,g(n, m) and ±m =F F a ^\ t g(n) > 0, then (n, m ± m') G C° 
for any m' > by (|3.1[) and (|3.3[) . and this is also a contradiction. Hence the 
claim follows. □ 

3.3.5 

For a map H : T -> Z> , let C V^(L> max ) (i G 7) be the subspace spanned 
by the following elements: 

{6[U max ;x,y,z] | (x,y)e?i, z>H(x lV )}. 

Proposition 3.9. Given a monomial q, we have a natural bijection between 
the following sets: 

• the set of dimer configurations of type (a, A, v, 9) with weight q, and 
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• the set of maps H : T — > Z>o satisfying the following conditions: 

— H(f) = except for only a finite number of f S T , 

— (V^^)ig/ is stable under the action of A, and 

/ 

Proof. Let D be a dimer configuration of type (a, A, v : 9). By Lemma [5751 (D U 
_D max )\(Z} n _D max ) is a disjoint union U C 7 of a finite number of positive cycles. 
We define a map Ho : T — > Z>o by 

:= «{C 7 | / e C°}. 

Then we can verify the claim using Lemma 13.31 □ 

Remark 3.10. The graph of the map m i— > G v a A e {n,m) + 2H(n,m) determines 
a Young diagram. This is what we denote by V(n) in |Nagb[ §3.1]. 

3.4 Generating function 

From the description given by Proposition ^. 91 we can verify that, fixing a mono- 
mial q, we have only a finite number of dimer configurations of type (er, A, is, 9) 
with weight q. 

Definition 3.11. We define the generating function by 

D 

where the sum is taken over all dimer configurations of type (a, \,v,9). In 
particular, we put 

57NCDT 7 

Remark 3.12. Note that 

7NCDT ... / n max 

is a formal power series in q+, g_ and gi, .. . , Ql-i- 

4 Dimer shuffling and "wall-crossing" formula 
4.1 Dimer shuffling at a hexagon 

In this and next subsections, we study the relation between dimer configurations 
of type (a, A, v, 9) and of type (a, A, v, Hi{9)) for i <E Ih(o-, 9). 

4.1.1 

For (n, m) (E J- and M G Z>o U {00}. we put 

M-l 

f(n, m; ±, M) := |J f(n,m±-m') 

m'=0 

We define df(n, m; ±, M) and 9 ± /(n, m;±,M) in the same way as in <j2.1.7l 
and WTI\ 
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4.1.2 

For a dimer configuration D and n S B l ^ g , let m(D,n) denote the unique 



integer such that 

df(n, m(D, n);a(i), oo) <~] D = 3 ± /(rt, m(D, n); cr(i), oo). 

4.1.3 

For a dimer configuration D and i £ I , we consider the following conditions: 

dfC\D^ d-f for any / € T u (4.1) 
9/ n D ± d+f if / e ^-\{/(n, ro(A n)) | n 6 b£± fl }, (4.2) 
0/(n, to(L>, n) - 2cr(i)) n D ^ d~f{n, m{D, n) - 2a{%)) for n G (4.3) 

4.1.4 

For a dimer configuration D° of type (er, A, 0) satisfying the condition (|4.1[) . 
we set 

Ei(D°) := {(n,m)eFi \ df(n,m)nD° = d + f(n,m)}, 
and define the map M l DO : Ei(D°) — ► Z >0 U {oo} by 

Mi, D (n, m) := max{M | df{n, m; a(i),M) C\D° = d + f(n, to; a(i),M)}. 

Note that 

(Ml,o)" 1 (oo) = {(n,m„)|ne^+ e }- 
We put Ef n (D°) := K i (L>°)\(M| 30 ) _1 (oo). 

4.1.5 

Definition 4.1. For a dimer configuration D° of type (o~,\,is,6) satisfying the 
condition (|4.ip , let ^i(D) be the a dimer configuration of type (a, A, v, fJ>i(8)) 
given by 

^(D°):=Id°\1 |J a + /(«,m;a( 1 ),Ml ) .(n,m))u (J d~f(n, to; <r(i), oo) J J 

U I |J d-f(n,m;a(i),Mjj {n,m)) U (J 9 + /(n, to; cx(i), oo) 
\(n,m)£Ei(D°) n ^ B i'^,e ' 

Note that Hi(D°) satisfies the condition fl~2")) and (TO)) . 

Example 4.2. In Figure [1771 we s/iow some examples of dimer schuffting at 
hexagons. 

Lemma 4.3. 
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Figure 10: Examples of dimer schuffling at hexagons 
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Proof. For n € ir (i) and to £ Z such that n + to is odd, we put 

D°{n,m) := {e s (n + £1, m + e 2 ) (ei,£2 = ±1/2)} nD°. 
Assume that 

(n,TO-l),(n,m + l) ^ (J f(n,m]a(i),M%o{n,m)), (4.4) 

then D°(n, m) is one of the following: 

0, {e s (n± 1/2, to ± 1/2)}, {e s (n ± 1/2, m =F 1/2)}. 
In particular, we have 

w a! x,e(D°(n,m)) = w^x^.^D (n, m)). 

Hence we have 

w*,\,e(D° nm(D )) = w aMe) (D° nm{D°)). 

The claim follows this and 

w*,\,e ( d ± f(n, m, M)j = w a! x llH (e) (d T f(n, m, M)J 
for n e 7r _1 (j). □ 

4.2 "Wall-crossing" formula at a hexagon 
4.2.1 

Lemma 4.4. 



( II (l + ^,A,e(n) M ^^ +1 )/(l + ^,A, e (n))), 

\(ri,m)e£f n (£>°) / 

where the sum is taken over all dimer configurations D° of type (c, A, v 1 6) sat- 
isfying the condition (|4.1[) . 

Proof. For a map s: Ei(D°) — > Z>o such that s(n, m) < M|jo(n, m), we define 
the dimer configuration Z?° by 

•Ds : = (- D °\ U 9 + /(n, TO;cr(i),s(n, to)) JU (J d~ f(n,m; a(i), s(n,m)). 

V (n,m)6B,(D«) / (n,m)e-Ei(-D°) 



Then we have 



(n,m)eBi(D°) 
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Note that any dimer configuration D is realized as D°{s) by some D° and s 
uniquely. Hence we have 

D° ^ s (n,m)£Ei(D°) ' 



. (n,m)e_Ef n (L>°) / 

□ 



4.2.2 

Theorem 4.5. 



Proof. As Lemma l4~4l we get 



D * ne-B 4 "+ ... 

(7, A , /J,^ (t/ ) 



-1 



( n (i+^ iW w^ i ' ( "' mH )/(i+'"^, w w('')i 

V (n,m)6i6i(l3*) 

where the sum is taken over all dimer configurations D' of type (cr, A, is, fii(9)) 
satisfying the condition (|4.2|) and (I4.3[) and 



Ei(D') := {(n,m) e ^ | <9/(n, m) n D' = 8 _ /(n,m)}, 
M l D .(n, to) := max{M | df(n, m; cr(i), M) nO' = d~ f(n, m; -<r(i), M)}. 

Note that ^ gives a one-to-one correspondence of dimer configurations of type 
(a, A, v, 9) satisfying the condition (|4.ip and ones of type (cr, A, v, /J>i (0)) satisfying 
the condition (|4.2[) and (|4.3|) . Hence the claim follows from 

• w at x tiH {e){n) = w (Tt x,e( n )~ 1 for n € 7r _1 (j), 

• (n, m) I— » (n, m+o"(i)-(M|,o (n, m) — 1)) gives a bijection between £* n (.D ) 
and Ei(fii(D°j) which respects M % D0 and , DO y 

and Lemma 321 d 
4.3 Dimer shuffling at a quadrilateral 

In this and next subsections, we study the relation between dimer configurations 
of type (u, A, v, 9) and of type (cr, A, u, fii(6)) for i G Is(&, 9). 
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4.3.1 

For a dimer configuration D° of type (a, A, v, 9) satisfying the condition (|4.1|) 
and n £ 7r _1 (i), we define 

Ei{D°) := {(n,m) e F \ df(n,m) D D° = d + f{n,m)}, 
E 2 n {D°) := {(n,m) G T \ df(n, m) n D° = }. 



Lemma 4.6. 

\E^D°)\ - \El{D° 



0, otherwise. 



{See (|1 .4(1 /or ifte notation.) 

Proof. For n, to G Z such that n + m is odd, we define ££>° (n, m) by 



+, e s (n + 1/2, to + 1/2), e s (n - 1/2, to + 1/2) £ L>, 
-, e s (n + 1/2, to - 1/2), e s (n - 1/2, to - 1/2) f D. 



Then for (n, m) G T ', we have 

(n,m) G E*(D°) <^> e D ° (ra, m ± 1) = ±, 
(n, m) G E%(D°) e D °{n, m ± 1) = =p, 

and £d» (n, to) = =FA(n± 1/2) if cr(n± 1/2) • to 3> 0. Thus the claim follows. □ 
4.3.2 

For a dimer configuration D° of type (er, A, i/, 9) satisfying the condition (|4.ip . 
we define a new dimer configuration /ii(D°) of type (o~, A, v, fJ.i{9)) as follows: 

• if ir(h) ^ i± 1/2 then we have 

e s (h,k)£D° <=^ e s (h,k) G w (£>°), 

• if n G ///(c, 0) and 7r(n) ^ i ± 1 then we have 

eh (re, m) e D° ^=^> eh(n, m) G (J>i(D°), 

• for (n, to) G we have 

r>°(/(n,m)) = /ii(f )(/(n 1 m)) = a- MiW (/(re,m)) ) 
D°(/(n,m)) = 9+ e (/(re,m)) ln(P°)(f(n, m)) = 0, 

Remark 4.7. .Here we use swcft notations as d^ g (f(n,m)), in order to empha- 
size that the notions like d^(f(n,m)) given in §2.1.7\ depend on a and 9. 

• if D°(f(n,m)) ^ 0, dla{f{n, m)) for (n, to) G J-i, then we have 
e s (n+ei,m+e 2 ) e D° e s (ra-£i, m-e 2 ) G fJ,i(D°) (e 1} £ 2 = ±1/2), 
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• if a(i ± 3/2) ^ a(i ± 1/2) then we have 

e s (n± 1/2, to- l),e s (n± 1/2, m+ 1) £ L>° ^> e h (n ± 1, m) £ m{D°). 

Note that ^i(D°) satisfies the following condition:. 

D(f) ± d+f for any / G ^. (4.5) 

Example 4.8. In Figure \lll we show some examples of dimer schuffling at 
sguares. 




Figure 1 1 : Examples of dimer schuffling at squares 



w<T,\,^(9)(m{D )) = w a ^,e(D°). 



4.3.3 

Lemma 4.9. 



2G 



Proof. Note that we have 
for / 6 Ti and 

(F)+ n-! 1, n ^KXo' 

Thus, the claim follows from Lemma |4"1)1 and (12.91). □ 



4.4 "Wall-crossing" formula at a quadrilateral 
4.4.1 

Lemma 4.10. 

D° neir- 1 (i) 

Proof. We set 

El(D°):= |J ££(£><•), E*(D°):= (J E 2 n (D°). 

Given a subset S C El(D°),we get the dimer configuration Dg of type (a, \,v,9) 
such that 

D°s ■= (D\\Jd+f)u\Jd + f 

and we have 

(n,m)eS 

Note that any dimer configuration D is realized as Dg by some D° and 5 
uniquely. Hence we have 



D° ^ S (n,m)t=S 

J2 w -Xo(D°)' J] (l+ui a ,A,j(n)) 

n (i+^,A, 9 (n)) iis " (Do) 



□ 



4.4.2 

Theorem 4.11. 



z <T,x,v,m(e) = z a>\vfi • Yi (l + w a> \ft{n)) ■ J| (l + w at x,e(n)). 
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Proof. Let D' be a dimer configuration of type (a, A, v, Hi(6)) satisfying the 
condition (|4.5[) . We put 

E'(D') :={(n,m) E F\d„, Me) f(n,m) n D' = d-^fin,™)}, 

then, as Lemma T4. 101 we get 



where the sum is taken over all dimer configurations D* of type (a, X, v, fJ,i{6)) 
satisfying the condition (|4. 5f> . Note that /Ltj gives a one-to-one correspondence of 
dimer configurations of type (a, A, 0) satisfying the condition (|4.ip and ones of 
type (er, A, Hi(0)) satisfying the condition (|4.5|) . Hence the claim follows from 

. E}MD°)) = El{D°) for n 6 Tr" 1 ^), 

• ^ CT ,A,Mi(e)(«) = w<7,\,e(n)~ l for n e 7r _1 (i) 

and Lemma T4. 101 □ 

4.5 Conclusion 
4.5.1 

For a and a <E A rc,+ , we put 

a(a) :=a(j-(a))-a(j+(a)). (4.6) 
Combining Theorem 14.51 and 14.111 we get the following: 
Theorem 4.12. 



;X,v.B 



H (l-a( a )-wx(h')/w x (h))-< a 

(h,h>)eB« : - 

(See (|1.2j) awe? (1 1 . 3f) /or the notations.) 

Since the second term in the right-hand side does not depend on v, we have 
the following: 



Corollary 4.13 



-7 I -j _ 7NCDT / ^?NCDT 
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4.5.2 

By Lemma Tl. 81 and Theorem 14. 5 .11 we have the following: 
Theorem 4.14. 



8 + = 9 _=(9D) I/a 



Z 



NCDT 



q+=q- = (qo) 1/ 



■ Y[ (I - a {a) ■ q a ) aia) '( a ° +Cx[j ~ {a)] ~ Cxlj+{a}] \ 



a 6 A'' 



(See (jl.2p for the notation.) 

Since the second term in the right-hand side does not depend on A and v, 
we have the following: 



Corollary 4.15. 



?+=?- 



jrNCDT / ? NCDT 



q+=q- 



5 Refined topological vertex via dimer model 

5.1 Refined topological vertex for C 3 
5.1.1 

Note that a Young diagram can be regarded as a subset of (Z>o) 2 . For a Young 
diagram A, let A X (A) (resp. A W (A) or A Z (A)) be the subset of (Z> ) 3 consisting 
of the elements (x, y, z) G (Z>o) 3 such that (y, z) G A (resp. (z, x) G A or 
(x,y) G A). 



5.1.2 

Given a triple (X X) X V , X z ) of Young diagrams, let A mm = A™ m A A be the 
following subset of (Z> ) 3 : 

A min . = AX{Xx) y A y {Xy) y ^ ^ <- (z ^ )3 _ 



5.1.3 

A subset A of (Z>o) 3 is said to be a 3- dimensional Young diagram of type 
(As, X y , X z ) if the following conditions are satisfied: 

• if (x, y, z) £ A, then (x + l,y, z), (x, y+1, z), (x, y, z + 1) ^ A, 

• Ad A min , and 

• |A\A min | < oo. 
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5.1.4 

For a Young diagram A, we define a monomial w\(m) for each m 6 Z by 

w\(m) = q\( m -l/2) ' £?A(m-l/2) -9i 
For a finite subset 5* of (Z>o) 3 we define the weight w(S) by 

:= JJ w Xx {y-z). 

(x,y,z)£S 

For a positive integer N, we set Cat := [0, N] 3 . Given a 3-dimensional Young 
diagram A of type (A x , X y , X z ), we take a sufficiently large N such that A\A mm C 
Cjv and define the weight w(A) of A by 

w(A) := w(A n C N )/w(A x {X x ) n C N ) ■ w(A y (\ v ) n C N ) ■ w{A z {X z ) n Cat). 

Note that this is well-defined. 

Remark 5.1. In the definition ofw(A), the three axes does not play the same 
roles. The x-axis is called the preferred axis for the refined topological vertex. 

We define the generating function 

where the sum is taken over all 3-dimensional Young diagrams of type (X Xl X y , X z ). 
5.2 Dimer model for L = 1 

In the case L = 1, the graph in N2.1 .21 gives a hexagon lattice. As we have only 
two choices of a, we put <r(l/2) = +. We take id as 0. We omit a and id from 
the notations in this subsection. Note that A is a 3-dimensional Young diagram. 

It is well-known that giving a dimer configuration of type (A, v) is equivalent 
to giving a 3-dimensional Young diagram of type (A, !/+,*!/_). Let D(A) be the 
dimer configuration corresponding to a 3-dimensional Young diagram A. 

For a Young diagram r) = ?7(2)> ■ ■ ■) an d a monomial p, we put 

w(v;p,Q) :=n(pQ i "T w - 

Then we can verify the following: 

w x (D(A)) = w(is-;q+, Q+) ■ g_, Q_) • u>(A). (5.1) 

Example 5.2. As we show in Figure [TB. we have 

w (A^ )=w((l);q^,Q^ = q^, 
^(A^ )>0 ) = M(2);g-,Q '-) = <£, 
^ (A^ i2))0 )=«;((2,l); ? _,Q_)=giQ_. 

In particular, we have 
where Z\ M is the generationg function given in Definition 13. Ill 
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Figure 12: D(A£» )>0 ), £>(A™ )0 ) and ^(A™ 2) ) 

5.3 Refined topological vertex for a small resolution 

We will define generating functions (q). First, we consider the following 

data: let v = {v^ , . . . , i/^ -1 )) be an (L — l)-tuple of Young diagrams and 
A = (A^ 1 / 2 ), . . . , A^ -1 / 2 )) be an L-tuple of 3-dimensional Young diagrams such 
that AW is 

• of type (A«,^ +1 /2)>0-i/2)) if = +) 

• of type (AW> (3 " 1/2) ,i' (3+1/2) ) if = 

where we put := ^_ and := We define the weight w(K,v) of the 
data (A, v) by 

U ; CT (A,z7):=^ + ;g_,Q_). U ;( I /_; g+ ,g + )- ^ J] »(A«)j • ^JJ <(M W )) 

where w l a (ii^) is given by 

VQ 2a+1 , o-(t - 1/2) = o-(i + 1/2) = +, 

<(M W ):= LI J 9< ' g2/5+1 ' - o-(< - 1/2) = o-(i + 1/2) 



,.. (16M< | Qi ■ Q ■ Q% ■ Qt o{i - 1/2) = +, a(i + 1/2) = -, 
q l ■ Q ■ Q°i ■ Q%, a{i - 1/2) = -, a{i + 1/2) = +. 



We consider the following generating function: 
where the sum is taken over all the data as above. 



(5.2) 
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5.4 Limit behavior of the dimer model 
5.4.1 

Let i 6 I z>0 be a minimal expression such that for any N 6 Z>o we have 
b(N) 6 Z >0 such that a iyb > NS for any b > b(N). 



5.4.2 

Lemma 5.3. Given a, A and a monomial q, i/iere exists an integer B\ such 
that the following condition holds: for any b > B\, 

• any dimer configuration of type (cr, A, is, 9ij,) with weight q satisfies the 
condition (14.111 



• any dimer configuration of type (a, A, is, 9^b+i) with weight q satisfies the 
condition 

• \Xi b gives a one-to-one correspondence between dimer configurations of type 
(a, A, v, 9i t b) with weight (cr, A, is, Oi^b+i) with weight q, 



Proof. Take A" 2 S o that 

By Remark [3~T2l and Theorem 14.141 



9+ = g _=( go )l/2 



is a polynomial in qo, ■ ■ . , Ql—i- Thus, there does not exist any dimer configu- 
ration with weight q — a(i, b) for any b > 6(^2) =: B\, where b{N-2) is taken as 
in 35XT1 

Assume that we have a dimer configuration type (a, A, is, O^b) with weight 
q and / G T such that D(f) = d~(f). Then we get a dimer configuration 
D U d + (f)\d~(f) with weight q — a(9,i), which is a contradiction. We can 
check the second claim similarly and the third claim immediately follows from 
the first and second ones. □ 



5.4.3 

Given a, A, we can take an integer N 2 such that 

• a(h) = ±A(/i) for any /igZh such that ±h > N2L, 

• e s (h, k) D™^ g . for any h and k such that h < N 2 L and h ■ a(h) - k 
is even, and 

• e s (h, k) £ D™^ e , for any h and k such that h > N 2 L and h ■ a(h) — k 
is odd. 

Take a monomial q. Since we have only a finite number of dimer configuration 
of type (cr, A, is, Oi.B t ) with weight q and each dimer configuration has only finite 
difference with D™^ g . b , we can take an integer A4 such that 
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• a(h) = ±A(ft) for any ft G Zh such that ±ft > LN4, 

• e s (h, k) $l D for any ft and such that ft < LN4 and ft ■ cr(ft) — k is even, 
and 

• e s (ft, k) £ D for any ft and fc such that ft > LN4 and ft ■ cr(ft) — k is odd. 
5.4.4 

Lemma 5.4. Lei D be a dimer configuration of type (o~,\,v,6) satisfying the 
condition 1(4.1]) . Tafce ft G n (i + 1/2) sucft iftcrf <r(ft) = A(ft) and assume that 
e s (ft, k) D for any k G Zh swc/i i/ia£ ha(h) — k is odd. Then e s (ft— 1, k — a{h)) 

Similarly, take h E ir (i + 1/2) swcft ifta^ cr(ft) = — A(ft) and assume that 
e s (ft, k) tfz D for any k G Zh sticft i/ia£ ftcr(ft) — k is even. Then e s (h + 1, fc + 
a{h)) t ih[D). 

Proof. In the case i € Is, for any ft, fc G Zh such that cx(ft) = A(ft) and fta(ft) — A; 
is odd, we can verify 

e s (ft, k)£D=^ e s (ft - 1, fc - a(ft)) g /i;(£>) 

from the definition of /ij(-D) in £14.3.21 

In the case i G Is, assume we have fc G Zh such that fter(ft) — k is odd and 
e s (ft — 1, fc— cr(ft)) G Hi{D). From Definition [Cll we have e s (ft— 1, fe— cr(ft)) G D. 
Since e s (ft, k—2a(h)) ^ .D, we have e s (ft, k—a(h)) G D. Then, since cr(ft) = A(ft), 
there exists m such that <r(«)(m — fc) > and <9/(ft — 1/2, m) (~l £) = d~ f(h — 
1/2, m), which is a contradiction. □ 

5.4.5 

Given c, A and a monomial q, take £?i and A/4 as in Lemma f5~51 and H5.4.3I By 
the definition of A?4 and Lemma 15.41 we have the following lemma: 

Lemma 5.5. For any b > B\ and for any dimer configuration of type (er, A, v, 9- u b 
with weight q, we have 

• e s (ft, k) $l D for any h and k such that ft < /(7r(ft)) — 2LN4 and ft • 
a(ft) — k is even, and 

• e s (h,k) £ D for any h and k such that ft < 07^{tv{K)) + 2LN4 and ft • 
a(h) — k is odd. 

5.4.6 

Let si G &i h be the permutation of the set ih satisfying the following condition: 
for sufficiently large b we have 

9^( Si (l/2)) < 0^(3/2)) < • • • < 6r b \ Si (L - 1/2)). 

We define an action of 6/ h on the set of polynomials by the following conditions: 
for an element s G &i h , the action of s respects multiplication of polynomials 
and 

s(g « )=5 Wi)) 5 s{Q)= Q. 

(See H2.2.1l for the notations.) 
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5.4.7 

Given a, A and a monomial q, take B$ such that B$ > b(2Ni) and > B\, 
The following theorem is the main result of this section: 

Theorem 5.6. For any b > B^, we have a bijection between the following two 
sets: 

• dimer configurations of type (<r, A, v, Oi^) with weights q, 

• data (A, v) as in §5.3\ with s\(w(A, z/)) = q. 

Proof. First, we divide the (x, y)-plane into the following 2L + 1 areas: 

Oj ■= {O-'ij) - ^LNi <x< e-'ij) + 2LN±} (j e 4), 
Co := {x < 0- 1 (l/2) - 2LN±}, 

d := {0-\i - 1/2) + 2LN 4 <x<0- 1 {i + 1/2) - 2LN 4 } (1 < i < L - 1), 
C L := {e-\L - 1/2) + 2LA r 4 < x}. 

By Lemma 15.51 in the area Cj we have 

• e s [h, k] £ D for any h and fc such that n(h) > j and ft. • a(h) — k is even, 
and 

• e s [/i, fc] ^ D for any h and fc such that n(h) < j and h ■ a{h) — k is odd. 

Removing these edges, we get a new graph. A "face" of the new graph is a 
union of L-tuple of elements in T . Regarding such a union as a "hexagon" , 
the dimer configuration D gives a dimer configuration for the hexagon lattice, 
in other words, a 3-dimensional diagram. Let A") denote this 3-dimensional 
diagram. (See Example 15. 7[) 

Similarly, in the area Cj we have 

• e s [h, k] £ D for any h and k such that ir(h) > i and h ■ <r(h) — k is even, 
and 

• e s [h, k] £ D for any h and k such that n(h) < i and h ■ a(h) — k is odd. 

Removing these edges, we get a new graph, which is an infinite disjoint union 
of zigzag paths. For each zigzag path, we have two choices of perfect matching 
and so the dimer configuration D gives a Young diagram v^ l \ We can verify 
that the datum (A, v) satisfies the conditions in M5 . 31 Note that the reverse 
construction also works. 

We have to check the correspondence above respects the weights. Note that 
all edges of in the area Ci have weights = 1. By (|5.1[) . the contribution of the 
part in the area Cj is given by 

«,(i/a-i/2) ;g (f«ww,Q + ) . u ,( I /(i+ 1 /2).(^0')))- 1 g ! Q_ ) . u;(A a) )) = +) 

Combining these contributions, we get the claim. 

□ 
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Figure 13: the graph in the area Ci/ 2 




Figure 14: identification with a hexagon lattice 
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Example 5.7. We take a as in Examvle \2.1\ and \ — %. Assume that 6(1/2) = 
N + 1/2 and 9(5/2) = -N + 5/2 for N > 0. In FigureUM we show the weight 
(after putting q + = q_ = q^ 2 ) of edges in the area Ci/2- We can idenfity the 
graph in the area C\/2 with a hexagon lattice as in Figure \TM 

5.5 Conclusion 

Note that we have 

oo 

U A ^ + = A + + - 

6=1 

Combining the results in ij4.5l and Theorem 15. 61 we have the following: 
Theorem 5.8. 



«=« t - n f n {i-*{a). WX {h!)/ WX (h)Y^ 



a6A™ ,+ V (h,h')e.B 



JJ (l-a(a)-w x (h')/w x (h))-^ 
(h,h')eB«\ 



(See (fTTTj) , l|1.3p and l|4.6p for the notations.) 
Corollary 5.9. 

yRTV /g-RTV _ 9-NCDT / 7 NC1 

Theorem 5.10. 

?RTV 



■7 



7NCDT 



q+=q _=(q a y/2 

q+=q-=(qo) 



■ Y[ i 1 - a ( a ) ■ q a y {a) '( a ° +c> - lj - {a)] ~ cxluia)] y 



(See (jl.lj) , (|1.3[) cm<i (|4.6[) /or i/ie notations.) 
Corollary 5.11. 



57RTV /cj-RTV _ 7 NCDT / jrNCDl 
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